Introduction
We investigate the structure of the homoclinic and heteroclinic solutions of the scalar fourth-order equation u (4) ? u 00 + F 0 (u) = 0; (1) with ; > 0: For the purposes of this paper we will concentrate on two types of potentials, double-well and periodic. The two primary examples we have in mind are . Our results will hold for a general class of these potentials which have even symmetry about the midpoints between the wells and whose wells are super-quadratic and have equal depth. By an a ne transformation, the wells can be moved to the odd integers ( 1 for the double-well) so that F is even and nonnegative (with period 2 in the periodic case), and thus without loss of generality we will assume this for the remainder of this paper. The speci c hypotheses for the behavior of F at its wells are F(1) = F 0 (1) = 0; F 00 (1) > 0; and F(u) (u ? 1) 2 for u 2 (0; 2) for some > 0:
1 Supported by the Netherlands Organization for Scienti c Research, NWO. We are interested in the orbits in the four-dimensional ow generated by (1) which connect those equilibrium points corresponding to the wells of F: The function H(u; u 0 ; u 00 ; u 000 ) = u 000 u 0 ? 2 (u 00 ) 2 ? 2 (u 0 ) 2 + F(u) is a Hamiltonian for this ow, and due to the hypotheses on F these minimum equilibrium points are saddle-foci when > 2 =4F 00 (1) and saddle-nodes otherwise. The nature of the dynamics of a four-dimensional Hamiltonian system with an orbit homoclinic to a saddle-focus or a heteroclinic loop between two saddle-foci has been studied by several authors. Devaney 1976] has shown that if the homoclinic (heteroclinic) orbit is a transversal intersection of the stable and unstable manifolds, then there is horseshoe-type dynamics in a neighborhood of this orbit, see also Silnikov 1967] . We will restrict our attention to the saddle-focus case; the other case is more delicate, c.f. Turaev and Silnikov 1989] and Wiggins 1988 ] for a general discussion.
The results of Devaney show that generically four-dimensional autonomous Hamiltonian systems with connections between saddle-foci have complicated dynamics, but veri cation of transversality for speci c systems such as (1) is di cult. Bu oni and S er e 1994] have presented a weaker geometric condition which combined with topological information about the homoclinic (heteroclinic) orbit in an appropriate function space can be used to nd multibump solutions. We will use this approach to study the dynamics of (1) and show, for example, that the system has positive entropy. However we expect the dynamics to be much richer than established below, see Section 5.
Since equation (1) has a variational structure, the homoclinic and heteroclinic connections are all critical points of the functional (3) in an appropriate function space. In the next section we show that this functional with either a periodic or double-well potential has a minimizer which is a heteroclinic orbit of (1): To show that this solution is isolated in a suitable function space, we will also require F(u) to be analytic. This topological information is subsequently used to apply the gluing method of Bu oni and S er e 1994] to establish the existence of a countable family of multitransition heteroclinic and homoclinic orbits. For various classes of Hamiltonian systems, the existence of homoclinic multibump solutions was proven by Rabinowitz 1989 iii) Statements (i) and (ii) hold for any consecutive pair of minimum equilibria of the system (1) with a periodic potential. In this case there are also countable families of heteroclinic connections between any pair of these equilibria.
Peletier and Troy 1995a] have constructed a family of heteroclinic orbits of the extended Fisher-Kolmogorov equation distinct from those described above. However their shooting method does not provide the information about the geometry of the functional near these solutions necessary to extend the gluing construction used below. We conclude with a description of the dynamics which can be established using these variational methods and a comparison with the more conventional dynamical systems methods as used by Devaney. 2 Heteroclinic orbits as global minima
In the procedure described below, we will minimize the functional (3) with a periodic potential F: Analogous arguments also apply to the double-well case, and the results will be stated without proof, see also Peletier et.al. 1994 ].
We nd a heteroclinic orbit from ?1 to 1 by minimizing the functional J u] on the metric space M = fu : u = + for 2 H Lemma 2.2 There exist minimizing sequences fu n g M + of J + with the property that u n (t) 2 (0; 2) for t > 0: Proof: Since u n 2 M + ; lim t!1 u n (t) = 1; and hence there exists a T n such that u n (t) 2 (0; 2) for t > T n and u n (T n ) = 0 or 2: We de ne a new sequenceû n 2 M + byû n (t) = u n (t + T n ) if u n (T n ) = 0 2 ? u n (t + T n ) if u n (T n ) = 2 for which u n (t) 2 (0; 2) for t > 0: Estimating the functional along this sequence
since F is even with period 2. Henceû n is also a minimizing sequence. existence of a family fu n g n>0 of odd heteroclinics with the property that for every n > 0 there exists L n > 0 such that ju n j < 1 on (0; L n ); 0 < ju n j p 2 on (L n ; 1); and u n has exactly n zeroes in the interval (0; L n ):
Claim: L n ! 1 as n ! 1: Suppose L n < L < 1: Then for each n 4; we can choose points t n 1 < t n 2 < t n 3 < t n 4 which are consecutive zeroes of u n in the interval (0; L) such that t n 4 ? t n 1 < 4L=n: Let I n = t n 1 ; t n 4 ]: Then u n has four zeroes in I n ; and hence by Rolle's theorem each of the derivatives u 0 n ; u 00 n ; and u 000 n has at least on zero in I n : Each u n is a solution of the equation u (4) n = u 00 n ? u 3 n + u n :
By integrating from a zero of u 000 n to any point t 2 I n and using ju n j 1; we obtain the estimate ju 000 n (t)j Z In j u 00 n ? u 3 n + u n j ds 4L n ku 00 n k L 1 (In ) + 2ku n k L 1 (In) :
Integrating again we can estimate ju 00 n (t)j Z In ju 000 n j ds 16L
If n is su ciently large, it follows that ju 00 n (t)j C We have just shown that there exist heteroclinic orbits u n for which the time of ight from W u loc (?1) to W s loc (1) is at least 2L n which becomes arbitrarily large which excludes the second possibility in the above proposition and proves the theorem. C is also closed we argue as follows. Let f n g C so that J u n ] =Min J: From Theorem 2:7 we know that all minimizing heteroclinics are odd and positive on the half-line. Hence we conclude the weak convergence of u n to u which is again a minimizer of J in M using the analogue of Lemma 2:3 for the double-well case.
Thus n ! 2 C; and C is closed. Therefore C is either empty or all of S 1 : In the former case all the minimizing heteroclinics are isolated, and in the latter W u (?1) and W s (1) coincide.
Morse reduction
In this section we describe a reduction of the functional J from functions on the unbounded domain R to those on the nite interval ?T; T]: If T is su ciently large, the minimizers of J found in the previous section restricted to the nite interval will be isolated minimizers of the reduced functional. This topological information will allow us to glue copies of these primary heteroclinic orbits to obtain multitransition solutions. Here we follow the method of Bu oni and S er e 1994] adapted to our setting. Equation (1) generates a four-dimensional ow, and z = (u; u 0 ; u 00 ; u 000 ) 2 R In the sequel, for the sake of simplicity we will not specify to which equilibrium point and ! are asymptotic, but it should be clear from context. Letû 2 M be a minimizer of J; thenû 2 C 1 (R) and satis es 
Multitransition heteroclinics and homoclinics
Letû(t) be a heteroclinic orbit of (1) from ?1 to +1 as found in Section 2. Note that by Theorem 2:6 these primary orbits have only one transition. Due to symmetryû(?t) is a heteroclinic orbit from +1 to ?1: Using these two connections we will construct an approximate homoclinic orbit to ?1 by gluing translates ofû(t) andû(?t) and prove that a true homoclinic solution exists in a small neighborhood of this approximate solution. These arguments will be readily extendable to produce homoclinics to +1 and multitransition homoclinics and heteroclinics with any number of transitions separated by arbitrarily large distances. ? ( The last two terms in (12) are zero from the de nitions of ; !; and g:
So far we have not used in any strong way the fact that the equilibria 1 are saddle-foci. To compute the degree of the above map, we would like to know rst that we can ignore the boundary terms in (12) and also the behavior of the Hamiltonian on the family of solutions g(t; s): Both of these come from a local analysis of the ow near a saddle-focus. In particular, g(t; s) can be chosen such that (g 00 (0; x; y; s); g 000 (0; x; y; s)) ! ( 00 (0; x); 000 (0; x)) and (g 00 (s; x; y; s); g 000 (s; x; y; s)) ! (! 00 (0; y); ! 000 (0; y)) (13) uniformly in x and y as s ! 1: Finally there exists a 2 0; 2 = ) such that the sequence s n = 2n = + satis es the following property: for a su ciently small > 0 independent of n and all s n 1= H(g( ; s n ? )) < 0 and H(g( ; s n + )) > 0 (14) where = tan ?1 ( p 8 ?2 ? 1)=2 (the period of rotation of the linearized saddlefocus is 2 = ): The fact that there exists a family g( ; s) of solutions which satisfy (13) and (14) follows from a local analysis of a saddle-focus equilibrium and is proven in Bu oni and S er e 1994] (Lemma 6). The above construction immediately generalizes to gluing any nite number of alternating copies of the primary heteroclinicsû(t) andû(?t) together to produce homoclinics to both 1 with any (even) number of zeroes and heteroclinics between 1 with any (odd) number of zeroes. There is a lower bound on the time between consecutive zeroes, but these intervals can be arbitrarily large. This proves Theorem 1:1 stated in the introduction.
Concluding remarks
We investigate a class of four-dimensional Hamiltonian systems which have a heteroclinic loop between two saddle-focus equilibria. Under the assumption that this loop is the result of the transverse intersection of the stable and unstable manifolds of these equilibria, Devaney 1976] shows that for any small neighborhood of this loop and any Poincar e section transverse to it, the Poincar e map has an invariant set which is conjugate to a shift on N symbols. This transversality condition is di cult to check for speci c systems. For the extended Fisher-Kolmogorov and periodic systems described in this paper, the transversality requirement can be replaced by the weaker condition of Bu oni and S er e 1994] that the stable and unstable manifolds do not coincide in the phase space. This condition is automatically satis ed by the periodic system, but the double-well case is more delicate, and so far we have checked it only for the speci c equation (5):
Another approach to nding multitransition orbits would be to minimize directly in a restricted class of functions using the properties of saddle-focus equilibria. This would immediately imply that the above construction can be applied to the entire class of equations of the form (1): This approach is currently under investigation by Kalies, Kwapisz, and VanderVorst. Also Rabinowitz 1989 ] has proven the existence of heteroclinic solutions for second-order Hamiltonian systems by minimizing an appropriate functional. These methods can possibly be modi ed to study the fourth-order problems considered in this paper which would allow both multi-well and non-symmetric potentials.
In this paper we construct a countable family of multitransition homoclinic and heteroclinic solutions. The gluing method applied above can also be used to obtain periodic orbits which are in an arbitrarily small neighborhood of the heteroclinic loop and are structurally similar to those which would be found using dynamical systems methods of Devaney. Also the existence of the family of homoclinic and heteroclinic solutions described in Theorem 1:1 is su cient to show that the dy-namics are chaotic. In particular the topological entropy can be estimated. Let U be any tubular neighborhood of the primary heteroclinic loop, and de ne r sep (U; t; ) = maxf#(V ) : V U is (t; )-separatedg.
Recall that V is (t; )-separated with respect to the ow generated by (1) 
